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Stability of quantum oscillators
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Abstract. The quasi-energies of certain periodically forced quantum anharmonic oscilla-
tors have no absolutely continuous spectrum.

1. Introduction

Ay <---. Let V(t) be a perturbmg energy, 2r-periodic in
V(t+27) = V()
and define the quasi-energy to be
d
I{=—1§+H+V(t)
on L,(0,27) ® H with periodic boundary conditions in ¢.

Assume that V(1) is bounded and strongly C” in ¢, and that the spectrum of H
has increasing gaps

-
i
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N

Ad, =X -2, zcnt

for some ¢ > 0 and v > 0. Under these conditions, one has

Theorem 1 [2]. The quasi-energy X has no absolutely continuous spectrum, provided
r2 [yl +1

The question naturally arises as to the necessity of the boundedness of V'(t), and
the gap condition (1.2). The forced harmonic oscillator
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§P+

UJ2

2 z? 4+ Bxsint

is an E‘;Xpuuuy miegramc system |_1], which is known 10 be dense purc p‘(‘uﬂ;, eXCept
for w = 1, in which case it is absolutely continuous. The hypothesis of theorem 1 fails
on both counts; since x is unbounded, and the gap exponent ~ = 0.

On the other hand, the forced anharmonic oscillator

1 5, 4 .
Ep +-2—a: + gz* + PBersint (1.2)
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satisfies a gap condition. For by Bohr-Sommerfeld (for example), the eigenvalues of
the anharmonic oscillator satisfy

A, ~n*/3
so that v = . The perturbation is, of course, again unbounded.

We shall show that the quasi-energy K for (1.2) is purely singular if 3 is suffi-
ciently small. In addition, if the anharmonic term z* is replaced by z%? with p > 2,
then K is purely singular for all 3.

The method is an adaptation of the adiabatic analysis of (2, part 1} which

shows, roughly, that a relatively A -bounded perturbation V() may be replaced
by a bounded perturbation at the cost of one time derivative,

2. Adiabatic analysis

Let H be discrete seif-adjoint, with A, < A, < .-+, and V(¢) a 2w-periodic family
of relatively H-bounded operators. Denote by K the quasi-energy

._ . d
K=-i—+H+V().

Define the gap
AX, =20 — A,
and let T, be the circle with centre X, and radius
r, = smin{AX AN _}.
Define M, by
M, = sup{||V()(H —2)"Y|: z€T,,0< t 27},

n

Theorem 2. Assume that all eigenvalues of H are simple (i.c. non-degenerate), and
that

limM, =0. 2.1)
If V($)(H +1)-! isstrongly C™*! in ¢, for some = > 0, then K’ is unitarily equivalent
to an operator

- . d

K,= i + Hy + V(1)
where V,(t) is bounded in C™ in ¢, and H, is diagonal in the same basis as H, with
eigenvalues A satisfying

|}‘£!1) - ’\'nl < Tn-

Proof. The proof follows the adiabatic method of (2, part I]. Let H(t) = H+ V(t},
R(z,t) = (H(t)- z)}"%, and Ry(z) = (H —z)~'. It is easily shown that R(z,t)is
strongly C™*! of z is in the resolvent set of H ().
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By (1.1), there exists V such that for n > N,
M, <. 2.2)

It therefore follows from

R(z,t) - Ry(2) = Ro(2) 3 V() Ro(2)]"

thaton I,

IR(z,t} = Ro(2)l| € §r7' M, . (2.3)
Defining

P(t) = (2n)" [ R(z,1)dz
we obtain

| P, (t) - P (O)| < 3M, < L.

It follows that dim F, (1) = dim P,(0} = 1, so that there is a unique eigenvalue
A (1) of Hy(2) inside I',,. Again, P, (¢) and X,(t) are C™+! in ¢.

Therefore, if one defines the unitary transformation U(¢) as in [2], that is, by the
first equation following (5.17) on p 319 of [2], then U(t) is strongly C**! in ¢, and

U EU*(t) = -i a‘% + Hy(8) — iU ()0 (1)

where H,(t) = diag{A{’(¢)} is diagonal in the same basis as H.
An elementary gauge transformation [2, p 322], then replaces AQ)( t) by its mean

m= L [

MW = — i.

0= [ A

The new V() is just —i U(¢) U*(t) (gauge-transformed), which is clearly C*. 0O

Corollary 1. If it is assumed only that
M=supM, <x (2.4)
then the same resuli holds for
Hy(t)y=H+8V(2)
if 3 is sufficiently small.
Proof. The proof of theorem 2 requires only that
M, <3.
If V(1) is replaced by 3V (¢), then M, is replaced by
IBI1M, <|B8IM .
So it is enough to require that

1
|5|Sm- 0

Remark. These results may be generalized to non-simple (degenerate) eigenvalues
by working with block matrices as in the appendix of {3].
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3. Anharmonic oscillators
We shall consider the Hamiltonian

H(t)_-p + £? + gr? + Basint
where g > 0 and p > 1.

Thenrem 3 Thn nnﬁei-nnnrmy of Hit i
JReorem 3. S Qi By Ol fi\1)

aaaaa

p =1 and g is sufficiently small.

Lemma 1. Let A and B be positive self-adjoint, and H = A+ B +1 the form sum.
Then for 0 € a < 1, the operator B H~2 is bounded.
Proof. We need to show that
ranH™* = D(H®) C D(B%).
This is clear if o = 0 and 1, and therefore holds by interpolation. O

Corollary 2. The aperator
z(p® + @ + g™ + 1)7°
is bounded if p > 1 and s = 1/2p, where g > 0.

Proof. Let B =1z|, and A = p? + z2. ;
Proof of Theorem 3. The eigenvalues of

1
H=c p+ w+g:c

satisfy
A, ~ cnlp/ptl (3.1)
by Bohr—Sommerfeld. To estimate M, , with V' (¢) = Fxzsin t, we need to estimate
o(H = 2)™" = [e(H + 1)/ P)[(H + 1)/ (H - 2)7].
The first factor is bounded by corollary 2. For z € I',,, (H — z)~! has norm 4r;!,
where

A
Ty~ 7’* o ¢ plP=1/(P+1) (3.2)

while ( H + 1)!/?? is of order
(A )% ~ pt/ptD)
Therefore
M, ~ pt 1) p=(p=2)/(p+1)
so that
lim M, =
if p > 2, while M, is bounded for p = 2.
Tha racult nny fnllnwe bﬂ annluing fire ﬂ'\nnrnm 7 ta reduce tn
Al LLAOULIL LIVYY LULIVYYD )’ (IFIJI.J 1115 a1 D LWl W s 4wl W
turbation, and then theorem 1, with gap exponent
P—
= —— > 0.
Y= p 1 >
Part (b) uses corollary 1. o
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Remark. A generalization is perhaps worth remarking. If zsint is replaced by
v(z)sin ¢, where v(x) ~ |x|? at infinity, then the same argument shows that

M, ~ () Prt v n(1 4+ q-p)/(P+1). (3.3)
Thus M., tends to zero if
p>i+gqg. (3.4

Therefore, if absence of an absolutely continuous spectrum is considered to be
‘stability’, then the =* anharmonic oscillator is stable under

Blz|* sin ¢

for 0 < « < 1, and all 3.
Similarly, if w(?) is a smooth periodic function, the quasi-energy of
w?(t)

P2+Ta:2+g:z:2”

[

is purely singular provided that p > 3.

Acknowledgment

The author wishes to thank M Holthaus for directing his attention to the question of
forced anharmonic oscillators.

References

[1] Hagedorn G, Loss M and Slawny J 1986 Non-stochasticity of time-dependent quadratic Hamiltonians
and the spectra of transformations J. Phys. A: Math. Gen. 19 521-31

[2] Howland J S 1989 Floquet operators with singular spectrum, 1 Arn. Inst. H Poincare 50 309-23; 11
Ann. Inst. H Poincare 325-34

[3] Howland J S 1991 Quantum stability Proc. Scattering Theory Workshop (Aarhus, Denmark) (Berlin:
Springer) in press



